We propose a scanning tunneling microscopy Aharonov-Bohm (AB) interferometer on the surface of a topological insulator (TI) to probe the crossover from analogous weak antilocalization (WAL) to weak localization (WL) phenomenon via the AB oscillations in spin-resolved local density of states (LDOS). Based on our analytical and numerical results, we show that with increasing the energy gap of TI surface states, the Φ 0 /2=hc/2e periodic AB oscillations in spin-resolved LDOS gradually transit into the Φ 0 periodic oscillations.
matter physics since their extraordinary edge and surface states [1, 2] . Following a series of theoretical predictions [3] [4] [5] [6] , a variety of two-dimensional [7] and three-dimensional [8] [9] [10] [11] TI materials have been realized in recent experiments. The helical spin structure of Dirac electrons in the gapless strong TIs acquire a spin-orbit induced nontrivial Berry phase of π after a 2π adiabatic rotation along the Fermi surface, which results in prohibition of backscattering and the weak antilocalization (WAL). The WAL effect in TIs has been measured by transport experiments [12] [13] [14] [15] [16] [17] [18] . Through gradually doping Cr magnetic elements in Bi 2 Se 3 to open and increase the Dirac electrons's energy gap, most recently, the crossover from WAL to weak localization (WL) has been well observed [19] , consistent with theoretical prediction [20] .
Meanwhile, the surface scanning tunneling microscopy (STM) measurements have been extensively carried out to study the electronic properties and impurity scattering effects of TIs [1, 2, 21] . Compared to the conventional transport techniques that give the averaged signals, the STM has its own advantages in probing and even manipulating single-impurity and multiple-impurity scattering, from which the more precise quantum processes and mechanisms become possible to reveal. In particular, due to the nature of the single Dirac cone, no complicated intervalley scattering events happen on the TI surface, therefore, in situ designing of specific impurity configurations and mapping of their scattered electronic states can be harnessed to image extraordinary quantum properties of TI surfaces. Recently, we proposed a spin-dependent Aharonov-Bohm (AB) interferometer [22] , which consists of a spin-polarized STM tip and two identical nonmagnetic impurities, to probe the unique spin-texture related quantum scattering behaviors on gapless TI surfaces. Using this interferometer, we have shown an interesting analogous WAL phenomenon reflected from Φ 0 /2 periodic AB oscillations in the spin-resolved local density of states (LDOS), which is absent in the conventional metal surface systems.
In the present paper, we extend to consider the spin-dependent AB effect on gapped TI surfaces. If the Dirac fermions gain mass by coupling to a magnetic exchange field, a gap will be induced in the system, breaking time reversal symmetry in scattering amplitudes, and as a consequence scattering and transport properties for gapped and gapless systems should be significantly different, as witnessed by the above-mentioned WAL to WL crossover. Inspired by this idea, thus we study the effects of finite gap on the AB oscillations in spin-resolved LDOS that we previously initiated. The AB oscillations in the real-space LDOS maps are arisen from the magnetic flux threaded through the time-reversed self-crossing loops (see Fig. 1 ). We find on one hand that the total LDOS exhibits the AB oscillation with a period of Φ 0 =hc/e in both gapless and gapped cases. On the other hand, while the spin-resolved LDOS shows Φ 0 /2 periodic AB oscillations on the gapless TI surface, as we have reported before [22] , however, with increasing the energy gap, the Φ 0 /2 period of AB oscillations in spin-resolved LDOS gradually disappears and at the same time the Φ 0 period becomes clear. In other words, the crossover from analogous WAL to WL on TI surface can be well observed using our spin-dependent AB interferometer instead of the complicated lowtemperature transport measurement. This crossover is consistent with the evolution of the Berry phase with increasing the TI surface-state gap.
The TI surface, on which two nonmagnetic impurities are adsorbed, is described by a low-energy effective Dirac Hamiltonian
where
with v f (≈4∼5×10 5 m/s for Bi 2 Te 3 -family TIs as numerically used throughout this paper)
being the Fermi velocity and 2∆ the energy gap of massive Dirac fermions, which is absent in the massless limit.
denotes the potential of two impurities located at r 1 = (−d/2,0) and r 2 = (d/2,0) with U i the potential scattering strength for scalar impurities. σ 0 is the 2×2 unit matrix.
The unperturbed real-space Green's function G 0 (r−r ′ , ω) can be obtained from the Fourier transformation of G 0 (k, iω)=(iω-H 0 ) −1 in the k-space, which after a straightforward derivation is given by
and for |ω| >∆, where
Here,ρ is the unit vector of ρ=r−r ′ and H 
Following the perturbation approach, Eq. (6) can be expanded to any order in the impurity potential V . Our effort is concentrated on the scattering processes of surface electrons with the both impurities, in which the scattering paths enclose loops [23] . Therefore, taking all this into account, after a long algebra calculation, we have
where the subscript L represents the loops enclosed by the scattering paths of the surface electrons, and
. Equation (7) is a general formula describing the two-impurity back and forth scattering of the STM-probed quasiparticles. Thus, the interference information during the time-reversal scattering processes are included in this equation.
In the presence of a weak magnetic field, the Green's function can be semiclassically approximated as
where A= (−By, 0, 0) represents the vector potential. The correction of the LDOS due to the magnetic flux is given by
where δ G L is calculated from Eq. (7) with G 0 . It is clear that the magnetic field affects the LDOS via the magnetic flux, which is easy to be obtained from the integral over the loops (r⇋r 1 ⇋r 2 ⇋r), l A (l) ·dl=±Bdy/2=±Φ. In the present setup, we focus solely on the (spin-resolved) LDOS at r=(x, y), which is probed by the STM tip with the same plane coordinates. Since the STM tip also dually participate in composing the closed trajectory that the Dirac electron travels, hence under a fixed magnetic field B, the AB interference displays the oscillations with varying the tip position along the y direction.
The condition l B >λ f of the semiclassical approximation in Eq. (9) should be satisfied, here B=5 T and ε f =150 meV are chosen from which the corresponding magnetic length l B ≈11.63 nm while the Fermi wave length λ f =10.5 nm. Also, the Zeeman splitting by the external magnetic field is negligibly small (typically of 0.5 meV at B=5 T for Bi 2 Se 3 film
[24]) compared to the strong spin-orbit coupling (SOC), and thereby is neglected in this discussion. In a recent low temperature transport experiment [19] on magnetically doped Bi 2 Se 3 film, an energy gap as large as 100∼300 meV near the Dirac point was observed, which is comparative with our choise in this work.
By choosing suitable Fermi energy ε f and energy gap parameter ∆, which can be controlled in experiments, the backscattering and the crossover from the WAL to WL can occur on TI surface. When the Fermi energy lies in the gap, the interference signals arising from the contributions of ∆N L (r, ω, B=0) are so weak that the oscillatory ellipse features as well as the AB effect become ambiguous, hence we only consider ε f >∆.
When the energy gap is opened, differing from the gapless case, the (10) . To get the asymptotic expression of LDOS we consider the lowest order in the impurity potential in Eq. (7), which is given by
For large distances (ωρ/ v f ≫1), the Hankel functions can be approximated as
2 πz e i(z∓π/4) , then the unperturbed Green's function has a simple asymptotic
where e iϑ = ρ·(x+iŷ) ρ
. Substituting this equation into Eq. (11) and after a tedious derivation, we obtain an explicit expression of the total LDOS as follows
, φ=
and ρ 1/2 =r−r 1/2 . The spin-up and spin-down LDOSs are written as
Equations (13) and (14) are the main analytical result of this paper. Although the total and spin-resolved LDOSs are now explicitly obtained, their AB oscillation periods are still difficult to analytically determine due to the weight coefficients δ + and δ − that arise from the energy gap. However, there exist two extreme cases: (i) One is the gapless limit where
The other one is the large-gap limit. For these two cases, one can further analytically simplify Eqs. (13) and (14) and get the periods of real-space AB oscillations in the LDOSs of TI.
The gapless case have been discussed in our last paper [22] . Actually, when ∆=0 we have the total LDOS quantity
and its two spin compents
Obviously, the spacial AB oscillation period of the total LDOS is y 0 = Turning to the other extreme case that the gap is large enough to be comparable with the Fermi energy ε f . In this case, Eq. (14) is simplified to be
near the Fermi energy. Clearly, the spin-resolved LDOS ∆N 
L does, which is totally different from the gapless case. In other words, the spin-resolved LDOS clearly exhibits 
, where γ ± = 1±∆/ε, tan θ k =k y /k x , and ε= ( v F k) 2 +∆ 2 .
The two clockwise and anticlockwise loops enclosed by the STM tip and two impurities in Fig. 1 accumulate a Berry phase of π on a gapless TI surface due to the spin-momentum locking, and result in the WAL effect, which are represented as AB oscillations with halfperiod of Φ 0 /2 in the spin-resolved LDOSs. While with the opening of the gap, the Berry phase departures from π. The larger ratio of ∆/ε f causes greater deviation of the Berry phase from π, leading to stronger WL tendency which is consistent with the observations from the AB interferometer proposed here. Therefore, the spin-dependent AB interferometer shown in this paper may provide a feasible approach to study the competition between WAL and WL by observing the spatial AB oscillation periods in the spin-resolved LDOS maps.
To experimentally verify our predictions exhibited here, the spin polarized STM technique is required, which we believe is achievable [25, 26] 
